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A Net with Complex Weights

Boris Igelnik Senior Member, IEEEMassood Tabib-AzaiSenior Member, IEEEand Steven R. LeClair

Abstract—In this article a new neural-network architecture  pursuit. High-order networks use not only sum of univariate

suitable for learning and generalization is discussed and devel- functions in internal representation but terms depending on
oped. Although similar to the radial basis function (RBF) net, two, three, or more input variables

our computational model called the net with complex weights . ) )
(CWN) has demonstrated a considerable gain in performance The multitude of Computatlonal models reflects the fOIIOWIng

and efficiency in number of applications compared to RBF net. fact: none of these architectures can be uniformly better than
Its better performance in classification tasks is explained by gl other models. For example, use of homogeneous basis func-
the cross-product terms in internal representation of its basis tions inevitably leads to inefficiency for some applications. It

function introduced parsimoniously. Implementation of CWN ; , "
by the ensemble approach is described. A number of eX',;lmp'e&should be noticed as well that the Kolmogorov’s superposition

solved using CWN and other networks, are used to illustrate the theorem, which gives the most theoretically efficient represen-
desirable characteristics of CWN. tation of a multivariate continuous function through superpo-

Index Terms—Adaptive stochastic optimization, basis functions, Sitions and sums of univariate functions [11], requires internal
complex weights, ensemble of nets, recursive linear regression.  function dependent on data.

Having these facts in mind, we have suggested and success-
fully applied the ensemble approach (EA) for learning and gen-
eralization [12], [13] for some tasks. The EA uses a mathemat-

HERE are a number of adaptive computational architeizal model which is more general than (1)

tures (let us call them nets) for approximating multivariate
mappings with application in regression and classification tasks.
Some examples of such architectures are nonlinear perceptrons
[1], [2], radial basis functions (RBFs) [3], projection pursuit nets
[4], [5], hinging hyperplanes [6], probabilistic nets [7], randonwhere
nets [8], high-order nets [9], and wavelets [10], to name a few. g univariate external function;
The mathematical model implemented in some of these nets cat® multivariate internal representation;

be expressed in the following form: a, wy, andc,, adjustable parameters.
One of the features of the EA is that it has a finite but expandable
N

. d set of external functions (currently containing logistic function,
Z ang Z wnzz/}(xzv cni)

|I. INTRODUCTION

]?(x) = Z ang [<p(a:, W, cn)] 2

f(x) = 1) hyperbolic tangent, Gaussian, second derivative of Gaussian,
n=1 thin plate function and cube) and a set of internal representa-
wherez = (21,...,z4) € D C IR, D is a closed tions (currently nonlinear perceptron, RBF, and product of uni-
bounded set inIRY, taken as the standard unit cube&ariate neurons). This feature gives an opportunity to adjust not
D={z=(z1,....,24) |0 <z <1,...,0 < x4 <1}, Onlythe parameters but the type of basis functions for a partic-
without loss of generality. The computational (and analyticafjar application. Currently, the basis function is discretely and
model f approximates an unknown functiofi, defined to manually adjusted, but we are working on an automatic and con-

i=1

be continuous orD. The parametet = (ay, -+, ay), the {iNUous adjustment mode as well.
external parameterand the parametets, = (wn1, . .., Wna) Recently, we have suggested and tested, both on mathemat-
and ¢, = (nt, ..., cna), the internal parameters are ical examples and applications, a new approximation model

adjustable on the data, as well as the number of nades called the net with complex weights (CWN), which has some
The univariate functiory is called theexternalor activation advantageous characteristics in complex applications. The

function The univariate functions;, i = 1, ---, d are called CWN computational model is of the following form:
the internal functions They are the same for all function’s N
from th.e clz_:lss of functions, d.eflned and continuousonin flx) =ao+ Z ang [(wn, T — cn) - (Wn, . —cn)]  (3)
approximations such as nonlinear perceptrons or RBF n*ets. el
The internal functions are adjustable on the data in projectigvr}]ere
the parameters,, real numbers;
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of univariate functions, but constitutes a quadratic functio# of y
variables with coss-product terms. These high-order terms are
C
/ )=

introduced in a parsimonious way. Insteadd¢fl + 1)/2 + 1
B
_/A
/f_/ D

parameters for the general quadratic function, @y 1 pa-
rameters are used.
Our motivation for use of CWN is given in Sections Il and
Appendix. In Section Il we use the benchmas®&r problem
[16] to demonstrate the advantage of CWN over RBF and some
other approximation models. We present the theorem on uni-
versal approximation capability of CWN in Appendix. Imple-
mentation of CWN by EA is described in Section Ill. Mathe-
matical and application examples where CWN had superiorftig. 1. Geometric illustration of the XOR problem.
over RBF net are presented in Section IV. Conclusion and future
work are given in Section V. to the functionsy1, 12, and using monotonocity of the function
The use of complex parameters in neural networks is dg-one obtains
scribed in [17]-{20]. Unlike our network, these works make use

of complex analytic and nonanalytic activation functions and To+ 1o >0
an architecture of nonlinear multilayer perceptron. In addition, r1+y >0
their method of training is different from the EA. However, they zo+y1 <0

z1 +yo <O0.

obtained similar results. The universal approximation capability
of nets with complex parameters, savings in computation timgymming the first and second, and then third and forth inequal-
and improved efficiency, were demonstrated in different appliies yields the contradiction
cations as compared with nets with real parameters.

The initial incentive for considering CWN was its possible {wo +yw+r1+y >0
implementation with quantum devices. Currently, the quantum zo+y1+21+y <O0.
device and quantum integrated circuit technologies are not suf-

ficiently developed to enable implementation of the CWN at- Therefore, without using the cross-product of the variables

. iy in the fixed internal representation of the basis function, it
chltegture: Thus, we setoutto show ”“? advantages of the C\@sgfrjnpossible to solve theor problem with one basis function
algorithm in certain complex computational tasks.

and a fixed internal representation.

Consider the case where the functigis fixed but internal
representation is adaptive. That means that we can change the
shape of the functiong; and, depending on data. For this

In this section we compare the efficiency of a single-nodése we prove the following proposition.
CWN with the efficiency of any other single-node net without Proposition 2: There exists a neft of the form (4) with fixed
cross-product terms in the internal representation, in solving tRgnotonic univariate functiop and adaptive-shape differen-
benchmark<or problem. These other nets are subdivided inféable functionsy,, ¢,, formed from polynomials, that solves
two subcases of nets: those with fixed and with adjustable {#€ XOR problem. Any such net should have at least eight pa-
ternal functions. We show that the efficiency of the CWN, me&@meters.

sured in terms of required adjustable parameters, is superior to Proof: We give the explicit construction of such a net. The

rates the pointsi(0, 0), C(1, 1) from the pointsB(1, 0) and £ > 1. The lineEF, with
D(0, 1) as shown in Fig. 1. That means that there exists a model

Il. XOR PROBLEM

z = f(z, y) such that the pointd andC are on the one side of Y1(2) +92(y) =0, lzz=a ()
the curvef(x, ) = 0 and the pointg3 and D are on another \ypere
side of the curve. We can prove the following proposition.

Proposition 1: Any net of the form Pi(x) = z/a— 0.5, Pa(y) =y/B —0.5 (6)

is a solution of the problem jf — 1 < 3/«. We then construct

two parabolas which, together with lideF', make the final sep-
Fa, y) = g (alz) +2(y) (4)  aration of4 andC from B andD. First, consider the parabola

FGH with the equatior: = ag+ a1y +a2y? and choosg < 0

whereg is a monotonic fixed univariate functionly, ¥» are 54 e coefficientsy, a1, as S0 that they satisfy the conditions

arbitrary fixed-shape univariate functions can not solvextbre

problem. z(0) =ap =«

Proof. By contradiction suppose that a net of the form (4) —0.5a1/as =7 7
can solve such problem. Denoting = 1(0), 1 = %1(1), dy 1 3 7)
yo = 2(0), y1 = ¥2(1), adding, if necessary, some constants Ir (o) = T = o
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H

. . . . . Fig. 3. Geometric illustration of theor problem solution by CWN.
Fig. 2. Geometric illustration of the solution of ther problem by a net with

adaptive-shape internal representation. ) ) )
be the equation of separating curve. The equation (14) can be

The conditions in (7) guarantee that the line and the parab&lﬁsny derived from (3) for CWN with one nonlinear basis func-

are connected continuously and smoothly and that the ﬁbintt'on usi.ng Eiler's formula for cqmplex weights. Transforming
in Fig. 2 has the ordinate equal 4o Thus, the equation of the € \?rlablesz: andy LO new variables: andv by the turn of
parabola#’GH can be written as coordinate axes on the angig4

P1(x) + P2(y) =0, Y= =py(1—-2/a)<y<0 = 0.5 =uv2/2 — vV/2/2
® y— 0.5 =uv2/2 — vV/2/2. (15)

where
Pi(x) = 20yz/a, Po(y) = —(¥2 — 2yy + By).  (9) and substituting (15) in (14), one obtains

Next, we choos&, 0 < 6 < 1 and the parabold ! with y
the equationy = by + bz + b2? so, that the points 2u” cos
F(0,v — \/v* — By(1 — 2/a)) and I(0, §) can be contin-

uously and smoothly connected by this parabola. A simplghich is an ellipse’s equation with axes parallel to coordinate

9 02— 01 292—91_a2:0

+ 202 sin

calculation yields axes. Therefore, in coordinatesandy, (5) also constitutes an
equation of an ellipse with the angle between the axes of the el-
bo =6 lipse and the coordinate axes equadl. This is shown in Fig. 3.
by =2(y =6 =X+ Bv/A Substitution of the coordinates of the points B, C, andD
by =—Py/A—y+5+7 (10) inthe left-hand side of (14) yields
where 209, — — a2
{C.os2 (62 — 61) a2 >0 (16)
3 Sln (92—91)—& < 0.
A=V =By(1-2/a). (11)
The equation of the parabofa/ can be written in the form The simultaneous inequalities (16) are satisfied, for example, if
(@) +42(y) =0,  0<z <1 (12) o’ =1/2,
0<6y—6 <r/4

Therefore, there exists a CWN with only one basis function,
P1(x) = bo + b1z + baa?, ¥a(y) = —y.  (13) which solves thexor problem, and that requires not more than
. . . L . four parameters, provided that the position of the ellipse’s center
It can be shown that using polynomial splines it is impossible _ ;.
, . . ) IS adjustable.
to solve thexor problem with one basis function and with less
than eight parameters. As mentioned before the reason for the
inability is the lack of cross-product terms.

The CWN has such cross-product terms. Considering agairil) EA, Basic Ideas:EA [12], [13] is a new method for

[ll. THE ENSEMBLE APPROACH(EA) AND CWN

our benchmark example with theRr problem we let training and generalization. We describe it for the general
_ _ 5 case since the peculiarities of the CWN architecture affect
[(z = 0.5) cos b1 + (y — 0.5) cos ] only a small block of the entire algorithm. Unlike the gradient

+ [(z —0.5)sinb; + (y — 0.5) sin 92]2 —a?=0 (14) methods of optimization for adjusting parameters of the model,
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the internal parameters;, ¢;, ¢ = 1, ---, n — 1 retain their
values from the previous step and only the internal parameters
w, andc,, are optimized. Thus, in this mode the ensemble con-
tains the internal parameters of only one node. However, the
external parameters), a1, - - -, a,—1 in (18) are different from
those in (17) because they are recalculated by RLR. The use
of RLR is especially efficient in this mode. The essential de-
crease of the size of searching space makes the sequential proce-
dure faster than the nonsequential one. The same reason makes
the sequential procedure theoretically less accurate. The justi-
fication for using sequential mode lies in the following result
(proved for nonlinear perceptrons only) [24].

The upper bound of the training error can be achieved
by an iterative sequence of approximations of the form

ext. parameters

fal@) = on fr1(2) + ang lo(@, wn, )] (19)

Thus, even with more restrictions on the search space a near-
optimal accuracy can be achieved. We, however, have made
a practical correction to this theoretical result because of its
the task of optimization is divided into two stages in EAasymptotic nature.
the recursive linear regression (RLR) [21] and the adaptive The nonsequential mode assumes learning the internal pa-
stochastic optimization (ASO) [12], [13]. The ensemble atameters of all nodes simultaneously. Theoretically speaking, it
nets with randomly chosen internal parameters is generathés an advantage over the sequential mode in accuracy. Practi-
For each net from the ensemble the values of the extergally, however, this advantage can be implemented only for nets
parameters are optimized by RLR. The optimization of thgith a small number of nodes. In particular, we have recently
internal parameters is made through the stochastic search aussd the nonsequential mode for learning Lennard—Jones po-
the ensemble. Thus, the two stages of optimization in EA, baéntials in a multiatom system [25]. This problem can be solved
global, are RLR and the stochastic search. using a relatively small number of nodes.

The simple stochastic search [22], as well as the simpleThe nonlocal procedure is the standard one when one net,
quasistochastic search [23], are computationally slow proaeained on the whole training set, is used for prediction for all
dures. That is why we have replaced them with the AS@atterns in the testing set. The local net builds separate net for
In ASO, the ensemble of internal parameters, generated dych testing pattern by training only on a subset of a training set,
adaptive random generator (ARG), is divided into a numbeonsisting ofi” nearest neighbors to the testing pattern. In prob-
of portions. The distribution of each univariate component &¢ms where time of testing is not crucial, the local mode may
an internal parameter in each portion is learned using currgfife more accurate results in prediction than the nonlocal one.
information about net's performance in the previous portionsa particular, we have used local net in the formers-nonformers
of the ensemble. Starting with the uniform distribution oproblem with gained advantage. We, however, recommend use
the internal parameters in the first portion, we correct thsf local net with caution, because it destroys continuity of the
distribution in subsequent portions on criteria of the minimahapping on the whole input space. Local net is not appropriate,
training error. This is shown in Fig. 4. as well, if one intends to make use of the net as an analytical

2) Different Modes of EAEA can operate in sequential ormodel.
nonsequential, local, or nonlocal modes. In sequential mode the
training is performed one node at a time. It starts with a simplest Different External and Internal Functions

net fo(z) = ao and calculates the optimal value@f. SUppose g \vas mentioned in the introduction, EA can incorporate

the optimal n'et (the best netin the ensemble) with 1 nodes different types of external and internal functions. The basic
has been built types are traditional: nonlinear perceptron (P), RBF (R), and
product of univariate neurons (U), as shown in Fig. 5, with an
n—l expandable list of external functions. The user of EA has an op-
fo—1(z) = ao + Z a;g [p(z, wi, ;)] 17) portunity to manually choose the type of architecture. Recently,
i=1 we added two new types of architecture: a net with complex
coefficients (CWN) and a net for learning Lennard-Jones
In building the optimal net witl nodes potentials (LJ). These architectures are shown in Fig. 6. CWN
uses the same set of external functions as RBF, while LJ uses a
special type of a node described later in this section.
fo(@) = ag + Z aig[p(z, wi, )] (18) In practice, we use CWN with one value of the parameter
P for all nodes and all components of input vector. Therefore, it

Fig. 4. Schematic illustration of EA.
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the distancer between them can be described through the
Type of a node Lennard—Jones potentials as

° P, plx,w,c)=wlx - c) E = a;r™ +agr™®.

R, glx,w,c)=wlx - For this simple system, the values of the parametgrsas,

° d c1, andce are known. For those values of the parameters the

° U, (p(x,w,c):];[g[w(x, -] system of two atoms has one stable state and, therefore, the en-
T . ergy as a function of distance has one minimum. We considered
ype of external function ] ]

° the system with many atoms of two typesand 3, with one

e and more than one stable states. For simplicity of notations, we

%fi@ggstt;i consider here only the system with one stable state. A net can
G:Gauss describe the energy of this system as
D, second
° derivative of G Mo s Map
T,thin plate f(r.o)=a; 77 4 a 7y 2
C, cube ( ) ; ’ ; '
Mo p+M, Mop+M.
- €3 - C
Fig. 5. Three basic architectures in EA. +as ] J;_H it ] J;_H "i
t=Map t=Map
) Map+Mea+Mpg Map+Ma+Mg
has the following form: 4 oas Z oo 4 ag Z pes
i=Map+Ma+1 i=Map+Mo+1
Y= f(xlv ’ xd) .
N whereM s, M, Mg are the number of pairs of types, «, 3
—ao+ Z ang res_pectlvelyy_’i is the dls_tance between two atoms from ttie
ot pair. The training data is a set of vectdrs, 7o, ..., ra, E)
and the task is to evaluate the parametgrs;, i =1, ..., 6.
) d " i The specific of this task is that, although the number of inputs
X w Z () = enj) Z e (zj — cny) can be large, the number of nodes is limited to 6. This circum-
j=1 j=1

stance allowed using nonsequential mode with the advantage in
(20)  accuracy. In general case, when the number of stable states is
not known, the number of nodes is not limited. Therefore, the
nonsequential mode may lose that advantage.
ersy . N .
he two major stages of EA, the recursive linear regression
t"h”‘i the adaptive stochastic optimization are described below
the argument (phase) of a complex parameter. We assume that ...
) ) specifically for CWN, although these stages are the same for
the input variables:y, ..., x4 are scaled so that < z; < . A
1 0< 2, <1 any node architecture used in EA.
y T = 4d = L

The values of the internal parameters are specified by the fal- Recursive Linear Regression (RLR)
lowing inequalities:

where the model is in the coordinate form, all the paramet
ag, Gn, Cnj, 0nj, w are realw is the absolute value ar#),; is

For evaluation of the training error the external parameters

a = (ao, a1, ..., a,) should be calculated. This is done by
0<cy <1 recursive linear regression. Letopt = (Cjropts - - -5 Cjdopt )
0<6,, <m—A, T+A<6,; <2 Ojopt = (ejlol)tz ..., Bia0py) be the optimal internal

parameters of thejth node, ande; = (¢, ..., ¢ja),

6; = (6,1, -.., 8;4) be the internal parameters of a member of

where A > 0 is any number that is small comparedsqin the ensemble fojth node

practiceA = 0.01). The limitation on the choice of phase is

explained in Appendix. We divide all data that are available f%j =i (%iy Ciopts Bjopt)s Dio =1, Din = gn(Ti, cn, On),
learning into two sets, the training 98¢ and the generalization

setEg, P = |E7|. The training set is used for adjusting the pa- ¢ =1, - I 7=1,....,n—1

rametersy, a,, ¢;, ,; on the criteria of the minimal training

T .
. . . P . j = /'7 Tt J ? ‘7 = 07 17 Tt n? Pn = T TT n
error, while the testing set is used for determining the optimal’ (1 pri) lpo Pl

number of nodesV in sequential mode. The parametercan ¥ =(v1, ..., yp)’, Er = {(zi, w),i=1, ..., P}.
be adjusted manually.
The LJ net was especially built for a solution of the followindenoteP,,;, n = 0, 1, ..., N the(n + 1) x P matrix, pseu-

problem. The energy of interactidfi between two atoms with doinverse taP x (n + 1) matrix P,. Then, P, is calculated
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° Type of a node
/ CWN ,p(x,w,c,0)=w Ze ‘(x —c )zd:e 'Bf(xj —cj)
Com > i

\
@ L—J,q»(r,c,M):g,-c

Fig. 6. Additional architectures in EA.

recursively by the following formulas:

PO-I-:(]-/Pv"'vl/P) (21)
Pn71,+(I_anrz;)

A I-p.p,.)
Pn+ = |- - - - - ’ 1 S n (22)
” ; 2
(I - Pn—IPn—l-l—)pn

Vyp = 23
0= PoiPos )9l (23)

]

wherel is P x P unit matrix. It is assumed that the quantity i o
||(I P,_P,_ L +)Pn|| satisfies the mequallty Fig. 7. Geometric illustration of the vectof — P,,_1P,,_1, £ )Pn.-

\<

I = Puca Paca, 4)pull > (24)

wheree > 0 is a small, positive number. Since vectol

P,_1P,_1 +pn isthe orthogonal projection of the vectgr on
the linear subspace spanned by the vecter:, .., prn_1,
the vector({ — F,_1FP,_1, 4+)p. is the component op,,
perpendicular to spafyg, p1, -- -, Pn—1), @s shown in Fig. 7. (I EEJV

Therefore, the condition (24) means that the basis functiol

too close to that of a linear combination of the previousl

chosen basis functions, are thrown away from the ensemble «<(I-BR. )
Formula (22) also has a rather simple geometric illustratio P (I PP W

shown in Fig. 8. Indeed, multiplying matricéy = [P,,—1, p»] b=

andF, 4, given by (22), in the block form, and then multiplying

the result byy, one obtains

Fig. 8. Geometric illustration of formula (22).

_ T the ensemble. The whole ensemble igf possible choices
P.Poiy=Po 1 Po1iy+ () —Poc1 P14 )pn. (25) of the parameters,,; and#,,; is divided in M portions each
having L members so thak’ = M L. In the first portion, the
parameters:,; andé,,; are generated from the intervals 1]
and [0.2x] — [r — A, m + A] respectively, using uniform
distribution of the parameters on the respective intervals. After
the first portion of the parametet% ;- Bn; has been chosen,
the parametersy, a4, - - -, a,, the net output, and the training

Equation (25) says that the projection of vectgr on
sparipo, p1, - .-, Pn), Which is the left side of (25), equals
to the projection ofy on the spatpo, pi1, - ., Pn—1), Which
is P,—1P._1 +v, plus the vector, collinear with the vector
- Pman_17+)pn In Fig. 9, in the casen = 1, the

Spaltpo, p1, - -, n1) COINCides with the line parallel ta. error have been calculated the net with the minimal training
Finally, the vector of optimal external parameters is calcu-
lated as error has been identified. The internal parametgys,, and

Onjopt OF this optimal net are kept in memory and used to
a=P,y. (26) correct the distribution of the parameters in the next portion.
For this and all subsequent portions, instead of the uniform,
) ) o the triangle distribution is used. The graphs of the probability
C. Adaptlve Stochastic Optlmlzatlon (ASO) density funCti0n$(an), p(enj)(p(cnj7 enj) _ p(an)p(enj))

The adaptive stochastic optimization is used to select tbéthe parameters,;, 6,; for a portionm, m =2, ---, M are
values of the internal parameters which yield the best net shown in Fig. 8. Here,; 1 opt @Ndfy,; 11 opr are optimal
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p(cnj p(e,.j)
/. ] P
] )
[} )
[} [}
| [}
] [}
] [}
| [}
| [}
1 [}
1 [}
1 [}
| i
an enj
0 an,m-—l,opt 1 0 enj,m—l,opt 1
Fig. 9. Graphs of probability density function of the internal parameters in portioes 2, 3, - - -.
objective + penalty
— >
% 7/"
objective function M"
>
”-"'I,,.v_
enalty function BV i T
Fig. 10. Using penalty function for eliminating local minima. /
,._.—-"‘""—' -
values of the parameters,; and#,; found after completing -

group(m — 1). The parameter8,; are actually sampled from
the interval[0, 1], and multiplied by2z, and then all values of Fig. 11. Two helixes.
the parameters betweenandn — A are replaced by — A,

while all values between andr + A are replaced by + A. \yhere the generalization error does not change significantly.

The justification for this procedure is given in [13]. Supposephe EA cast away this period in the net used for prediction.
instead of a triangle, a Gaussian distribution, centered at the esy) pyltioutput Case: Consider a net with outputs

timate of the point of global minimum of training error prior

to mth portion, is used innth portion. Suppose additionally .
that the width of the Gaussian distribution is decreasing to zero fle) =20+ Z angly(z, ¢, w)]
with m approaching infinity. Then ASO is equivalent to the fol- n=t

lowing procedure of eliminating local minima. Add to the objecwheref, ag, a,, ares-dimensional column-vectors. In this case
tive function (training error)}'(c, 8) a quadratic penalty func- only formula (26) should be changed to

tions(c, 0) = p[(c—c)¥(c—c) + (60— 6,)% (6 — 6,)], where
(c«, 6.) is a point of global minimum of (¢, 8), 1, reciprocal A=PatY (28)
of the width of Gaussian, is the parameter, tending to infinity,qre A is a(N +1) x s matrix

with m — oo. Then, the quadratic penalty function will eventu-

ally dominate in the sum, and the sum will behave as a function A =[ag, a, -, ay] (29)
with the same global minimum as the objective function, byt, . . .
without local minima. The univariate case is shown in Fig. 10. s al x s matrix of target function values

N
(27)

However, the location of global minimum is unknown and we Y11, - UYis
have to use its current estimate. That is why the current estimate Y= coieeeinn.. . (30)
is updated and this procedure goes further in iterative manner. YPt, - 5 UPs

The triangle distribution serves as a rough approximation for
the Gaussian with the practical advantage that it has no ad-
justable parameters.

1) The Stopping RuleThe process of growing a net node Example 1—Two HelixesWe consider it a difficult task to
by node is stopped if the maximal number of nodes has bediscern the data placed on two helixes close to each other as
exceeded, or for a long period (measured in number of nodelpwn in Fig. 11.P = 10000 points are randomly placed on

IV. APPLICATION AND MATHEMATICAL EXAMPLES
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501 w0
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N
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I e

Time(sec)
]
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(b) - /
Fig. 12. Errors and time versu$ B, caseR = 12, N = 15. Lud

two helixes. The coordinates of these points are calculated by
the equations

r=Rcost, y=Rsint, 2=Vt

(b)
x=Rcost, y=Rsint, z=V({t+m)

Fig. 13. Errors and time versugéB, caseR = 8, N = 15.

where the parametér 0 < ¢ < 27N is chosen randomly and

uniformly. These coordinates are the inputs of two neural nets,equals taP/NR. If NB ~ P/N R then almost each nearest
CWN and RBF. The outputs of the nets take values of zero or omeighbor will be from the same helix as tested pattern. The av-
depending on the helix where the point with coordinates equalsage value of nodes actually used for testing and the number
to the input, is placed. The number of loapysequals to 12 or of errors will be small. With an increase 6f B more and more
15,V = 1,andR = 8 or 12, 2500 patterns of the data wereneighbors from another helix appear. The task of classification
used for testing. The algorithm for training is local sequentiahen becomes more difficult, and the number of errors increases.
The parameteN B is the maximum number of nearest neighThe time of training increases as well because of two reasons:
bors. For each testing pattern, a net with recursively increasiagimple increase of the training set size and an increase of the
number of nodes is trained on the set"dB nearest neighbors average number of net nodes. Of course, statistical fluctuations
belonging to the training set (7500 patterns). The training stofytem the averages in the distribution of the data on the helixes
if the training error becomes less than THRESHOLD (whicplay important role. The importance of them increases with de-
was 0.05) or the number of nodes becomes largerdBnThe crease ofVB.

complexity of task, as a rule, will increase withB increasing  The results of experiments are shown in Figs. 12-15. The
in the range of parameters we used. This can be explained asé¢omparison between CWN (thick curves) and RBF are made
lows. The minimal distance from a tested pattern to a helix, niot the accuracy in testing, and the time for training and testing
containing this pattern, equais The average number of pat-with varying N B. All graphs have demonstrated that CWN is
terns, lying on the same helix as tested pattern within distansgperior than RBF, both in accuracy and time, when the number
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) Fig. 15. Errors and time versu§ B, casel? = 8, N = 12.
of nearest neighbors becomes larger than some valdéif

That means that CWN is superior for more difficult versions of )

this task. Then, the task is easier and can be solved with snfll INPuts for two nets, both using the ensemble approach
and approximately the same average number of nodes. The@f-'éarning and generalization. Different modes of training
vantage of RBF over CWN in computational time for one nod@"d testing were tried, including nonlocal sequential (NLS),

plays the major role. Easier tasks can be solved sometimes mi¢pglocal nonsequential (NLNS), and local sequential (LS) with
accurately and efficiently by RBF. 40 nearest neighbors. The results of testing on the subset of

Example 2—The Formers—Nonformers Problem [28: data _C(_)nsisting of 1589 patterns (4769 patterns were used as
body of data constitutes 6358 patterns of ternary systefdraining set) are shown in Table I. CWN demonstrates an
(systems of three chemical elements) with 15 features of tABVious superiority over RBF net.
elements in the system, five for each element. These are ZungeDur experiments have indicated that the activation function
radius, valence, melting temperature, Mendeleev number, dodthe CWN can be chosen from the same set of functions as
electrical negativity. For each system, it is known whether fbr RBF net. In particular, the minimum of generalization error
can or can not form a compound. This information is available achieved with the “thin plate” activation functiof(t) =
through long and expensive experimentation and length¥ log(#). The dependencies of testing error on the number of
calculations. The task is to build a neural net that can accuratalydes are shown in Fig. 16. Two flat regions on both curves in-
predict the possible formation of a compound for a new systedigate that the nets converged to a local minima but were able
not available in the database. It was found empirically [26{p escape.

[27] that the Mendeleev number is superior to other featuresFinding out that CWN+ LS is the best choice we continued
in this task. The comparison between CWN net and the RE&perimentation adding other features to Mendeleev number.
net in accuracy was made using only Mendeleev numbdBstter results were obtained only using all five properties (15
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TABLE |
RESULTS OFTESTING
Node type Mode type # of misclassifications Accuracy in %
CWN NLS 48 97.0
RBF NLS 60 96.3
CWN NLNS 60 96.3
RBF NLNS 72 95.5
CWN LS 15 99.1
RBF LS 40 97.5
228
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208
188
E 168
£
PR
5 128
£ Substrate
; 108
88 Fig. 17. Schematic representation of thin film growth.
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Fig. 16. Testing error for CWN (thick curve) and RBF net versus number of Ololo Qo
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inputs). 99.5% accuracy in testing was achieved for the same
training and testing sets. Fig. 18. 3-D structure of incoming atom neighborhood.

Example 3—Cellular Automata Model of Thin Film
Growth: CWN and RBF net were compared in the task afeighborhood, temperature and some probabilities calculated
building cellular automata (CA) based model of thin filmby using laws of statistical physics. It is impossible for that
growth [28]. Schematic representation of this process fisodel to operate in a reasonable time, given that calculations
shown in Fig. 17. The atoms of types A and B are sent to tisbould be made for millions of atoms. That is why the neural
substrate by two heated sources. Those atoms which male is used. After training on a number of known examples it
bonds between each other and/or with the substrate forntan predict the current state of the incoming atom.
film surface. The geometrical features of the surface, such adn the current state of the model, we use two discrete vari-
average roughness for example, are of great importance &fres characterizing the neighborhood, temperature, and three
the quality of the film. Depending on the current state of thgrobabilities (altogether six variables), as inputs to a neural net,
surface and substrate an incoming atom can form differeartd one discrete output taking six possible values. The number
types of bonding with the surface or remain in the vapor. Fof patterns used for training is 3208, and the number of pat-
the current state of the model, six possible states of the attenns used for testing is 1069. The comparison between RBF
are assumed. These are AA bonded, AB bonded, absorbaad CWN is made in terms of the number of misclassifications
wall-absorbed, cliff-absorbed, and vapor. In the CA model, d@f the output state and the time required for prediction of the
is supposed that the actual state of an atom depends not onstlage of incoming atom. The results are shown in Table II.
entire substrate and surface, but only on the states of the atomExample 4—Learning Dependency of the Optical Thickness
in the neighborhood of the incoming atom. The neighborhoad Thin Film on Its Spectral PatternThe data set consists of
constitutes 26 cells that together with an incoming atom for6¥6 points describing dependency of the optical thickness of a
a cube in three dimensions (3-D) with the incoming atomhin film (output) on its spectral pattern (input) [29]. The input
in the center of the cube. This is shown in Fig. 18, where @nstitutes a 33-dimensional vector. The output values were uni-
cubical neighborhood and its three layers are presented. Toenly distributed in the rangf.5, 5.5] with the average value
incoming atom is in the center of the middle layer. Surroundiregual to three. Thus, 1% of error corresponds to 0.03 or 0.0009
cells filled by atoms of type A or B, or empty. The state oMSE. Three quarters of the data (507 patterns) were used for
the incoming atom can be determined given the state of tlraining and one quarter (169 patterns) for testing. This is an
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TABLE I
CoMPARISON OFRBF NET AND CWN IN ACCURACY AND TIME

Type of net # of training # of testing # of % of correct Time per one
patterns patterns misclassified | testing patterns | testing pattern

testing patterns

RBF 3208 1069 70 93.4 14 psec
CWN 3208 1069 60 94.4 12usec
0.1 v T T T T T T i i i
o m . w  m  m  m % Of applications. Our future work will concentrate both on ap-

plications of this architecture, particularly in the area of smart
sensors, and on theoretical development of a new, completely

adaptive architecture.
0.01

APPENDIX
UNIVERSAL APPROXIMATION CAPABILITY OF THE CWN

0.001 Defining appropriate metrics in the space of continuousfunc-
tions on the standard unit hypercubé = {(xy, ..., 24)|0 <
z1 <1,...,0 < x4 < 1}, we prove that CWN has the uni-
versal approximation capability. That is, for any functipfiom
0.0001 that space and ary> 0 there exists a CWN such that the dis-
tance between CWN anflis less tharz.

Suppose the external functigrsatisfies the conditions

Ermrors

0.00001

oo o d
o / / g[St dta< oo, (A)
—oo —oo j=1

Fig. 19. Training and testing (thick curve) errors versus number of nodes for
CWN.

oo oo d
/ / o322 a2 (A2)
T\ =

example of learning a continuous function with a large number
of variables. The results of training and testing for a CWN are
shown in the graphs in Fig. 19. A level of 1% of testing errdFirst, we prove the following lemma.
was achieved with a net of 68 nodes (0.000895 MSE), while Lemma 1: If a univariate functiory satisfies the conditions
the training error was 0.8% (0.000597 MSE). The best resu(s1) and (A2), and the area of integration ovgt ..., €, in
were obtained with a net of 170 nodes: testing error 0.37¢A3) is such, that, # 6., 6; + 7, 8 — 7 (A), then for any
(0.000121 MSE), training error 0.16% (0.000031 MSE). The > 0 there exists a constaft,, such that
corresponding results for RBF net of the same size were: testing
error 0.5% (0.000 225 MSE), training error 0.27% (0.000063 2 2w doeann [ >
MSE). The level of 1% of testing error (0.000911 MSE) was "/0 /0 L d[m"'[m
achieved with the net of 75 nodes, with testing error 0.83% )
(0.000 624 MSE). d d

These examples confirm that CWN has a visible advantage xXg Zyj cos 0; | + Zyj sin 6
in accuracy and efficiency of learning and generalization com- J=1 J=1
pared with the RBF net. These advantages will become even
greater when the quantum computers will be able making cal- d
culations with complex numbers. —a Y i dyy - dya| = 1. (A3)

j=3

2

V. CONCLUSION AND FUTURE WORK .
Comment: In practice we use a random sample of parameters

The new architecture of neural network, suggested in this, ..., 8,. The probability that the condition (A) is fulfilled
paper, has a solid motivation and has proved a visible advaquals to one. That is why we omit this condition in writing the
tage on the RBF net in performance and efficiency in a numbéanits of integration ove#, ..., 8,.
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0, We then derive a limit-integral representation of a continuous
multivariate functionf, defined on the standard unit hypercube

2 I¢. This representation is contained in the following lemma.
Lemma 2:Let f be a continuous function, defined on
I, and g be a univariate function, satisfying the conditions
(A1), (A2) and (A) of lemma 1. Denotd the hypercube
T {(61,...,08)|0 < 6, < 27,...,0 < 6y < 27} with ex-
cluded parallelepipeds with bases in the plan@é-, as shown
in Fig. 4, and edges parallel to axé¥s, ldots, O8,. Then
for any z from the interior ofI¢ the following limit-integral
7 P 0 representation is true:
1
Fig. 20. The stripes excluded from integration ogerandd,. f(xl’ T xd)
= lim / déy - - - dfguw*
Proof: Assuming that the condition (A) is satisfied, we wmeeJid D
introduce new variables d d
d d x g |w? Z(xj —¢j)e' Z —¢j)e
ty = Zyj cos 0;, ty = Zyj sin 6;, t; =Vay; j=1 j=1
=t =t x flet, ..., ca)dey - - dey. (A4)
for 7=3,...,d
} Proof. Without loss of generality we can assume, that the
and calculate the Jacobian function g is divided by the constart,, in (A3), so thatg sat-
cos ¢ cos B2 cos O3 -+ -cos Oy isfies the following equation for any constamt> 0
sin @7 sin # sin #3 ---sin 04 oo oo
d(tl,...,td): 0 0 \/a 0 /delded/ /
Ay -ova) | T P Bl
d 2 d 2 d
0 0 0 Va _
X g Zyj cos B; | + Zyj sin 6; —aZyJQ
= (\/&)diQ 8111(92 — 91) j=1 j=1 j=3
Equation (A3) then can be written as x dyy - -dyg = 1. (A5)
27 27 oo oo
/ / o, - - / . / As it will be seen from the proof of the Theorem, this assump-
d 2 Sln(92 —61) J_o J-w tioncanbe made without calculating the constant Applying

Eiler's formula one obtains

d
d
X g t% dtl s dtd
; J Ze " (25— Cny Z ~i6 (zj—cnj)
=1

j=1
27 27
= %(271’)(172/ / d91d92ﬂ d 2 d 2
Ja o Jo sin(f, — 61) = Z(a:j—cnj) cos On; | + Z(a:j—cnj)sin Onj | -
oo j=1 j=1
X/ / 9 th dty---dtg = 1. Replacement of the variables, ..., ¢4 by the variableg; =
- o = w(xy — cl), ooy Ya = w(zg — ¢g) in (20) yields
The integral [ [ g(3"9_, t3) dt; dt> exists and does { v1, e 2
not equal to zero by virtue of (Al) and (A2). The mtegr wz wra
0 (d91d92/sm(92 — #1)) exists by virtue of (A). It — lim / d91---d9d/ /
can be made nonzero by excluding small asymmetric stripes “—>J/p w(z—1) w(zg—1)
around the lines; = 65,68, = 6, £ « in the square 5 5

0< 6, <2m, 0< 6, <27, as shown in Fig. 20. Therefore

d d
X g Zyj cos 0; | + Zyj sin 6, —aZyJQ
27 p2m =1 =1 =3
- dé,de J J I
c, =y’ )42 / / 1972

sin(0 — 61) X fwr—yi/w, ..., va—ya/w) dys - - - dyq. (A6)

00 d Further proof is based on the following observations. First, since
></ / g th dt, dts | . 0 <z <1,...,0 < zg < 1, the limits of integration in
—oo = the integral ovey, - - -, 44 in (AB) are approaching-oco when
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w — oo. Second, ify; = O(y/w), thenz; — y;/w ~ x; for
j=1,...,d. Third,

Vw Vw
/d91~~~d9d/ /
D —Vw —Vw
d
Zyj cos b; ny sin 6;
j=1
X dyi - dyg ~ / d91---d9d/ /
w—00 [y

2
d d
(Z 1Y; COS 9j> (Zyj sin 6 ) — aZyJQ
=1 =3

X dy1~~~dyd2 1.
Fourth, letf” be a set

d
2
- O‘Zyj
i=3

oo

oo

(A7)

F=[(z; — Dw, zqw] x -+ x [(zg — Dw, zqw]
— (1 = DvVw, 21v/w]
X o X (g — Dvw, zgv/w).
Then

/ d91---d9d/
D F
2 2
d d d
Zyj cos 0; | + Zyj sinf; | — aZyJQ
j=1 j=1 J=3

~dyqg — 0

W—00

X dyy -
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X flzr—yi/w, -, za—ya/w) dy1 - dya
Vwzy
:f(a:l,...,a:d)x hm/d91d9d/
w=eo Jp Va(e-1)

J=1

2
Vwzg d
g y; cos 8,
/ﬁm—n (Z ’ J)

d 2 d
+ Zyj sin ¢ —aZyJQ
i=1 =3

:f(xlv"'vxd)'

Making o« — 0 completes the proof.
The main result is contained in the following theorem.
Theorem (The Universal Approximation Capability of the
CWN): Define a distance between a functigh defined and
continuous orf¢, and a CWNfx

In(x) =ap+ Z an
d d
X g [w2 > (=) Y N (=)
j=1 =1
(A9)
as
of, ) = \/ / ~ fy(@de.  (AL0)

and, since the continuous functigron a closed bounded set is

bounded both from above and below

/d91~~~d9d/
D F

d 2 d 2 d
Z y; cos 0; | + Zyj sin @; | — O‘Z yj2
j=1 j=1 j=3

x fxr—yi/w, ..., za — ya/w) dyl'-'dydwjoo()-
(A8)

Combination of these four observations yields

wr wrg
lim/ d91~~~d9d/ /
w—oo S p w(x—1) w(xq—1)

d ? d ? d
Zyj cos ;| + Zyj sin 6; —aZyJQ
j=1 j=1 J=3
x flxer—p/w, ...,

\/wl‘l \/El’d
' /d&l---dﬁd/ /
W JD Vw(z1-1) Vw(za—1)

= lim
2 2
d d d
(Z Y; COS 9j> + (Z 1y, sin 9j> - ny
=1 j

=1

Ta—Yafw)dys - - - dya

Then for anye > 0 and any functiory, defined and continuous
on I¢, there exists a CWN, such that

o(f, f) < e (A11)

Proof: For anye > 0 and anys > 0 there existav such
that uniformly for

xEIg:{(azl, ceey .’L’d)|6S.’IZ1 S 1—6, ceey 6S.’L’d S 1—6}
the following inequality is true:
|f(z) — o(z)| < /2 (A12)
where
z) = / / dé - - - dfguw®
I¢ JD
d d
x g |w? 2(371 Z zj—c;)e
j=1 j=1

X f(Cl,

Replacing the integral in the right-hand side of the last equation
by the Monte-Carlo method [21], one obtains for some integer
positive N andx € Ig

lp(z) — I ()] <e/2. (A13)

The coefficientsug, a1, ---, an in fy(x) are independent of
« and subject to minimization of the training error. That is why

, €q) dey - -+ dey.
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there is no need in calculation of the constéfgt Making use  [26] P.Villars, S. R. LeClair, and S. Iwata, “Interplay between large materials
of the triangle inequality in (A11), (A12) yields databases, semiempirical approaches, neuro-computing and first princi-

ples calculations,” ifProc. 2nd Int. Conf. Intell. Processing Manufac-
d turing of Materials vol. 2, Honolulu, 1999, pp. 1399-1416.
|f(z) — fn(z)] <e forall = € I5. (A14) [27] Y.-H. Pao, B. F. Duan, Y. L. Zhao, and S. R. LeClair, “Analysis and
visualization of category membership distribution in multivariate data,”

Integrating the square of (30) overc I¢, taking the mathemat- in Proc. 2nd Int. Conf. Intell. Processing Manufact. Materjalsl. 2,
ical expectationE over random parameters and making- 0 Honolulu, HI, 1999, pp. 1361-1369. o

letes th f [28] A. Jackson and M. Benedict, private communication, 1997.
completes the proor. [29] S. Fairchild, private communication, 1998.
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